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S∗(φ) AND C(φ)-RADII FOR SOME SPECIAL FUNCTIONS
S. SIVAPRASAD KUMAR AND KAMALJEET GANGANIA
Abstract. In this paper, we consider the Ma-Minda classes of analytic func-
tions S∗(φ) := {f ∈ A : (zf ′(z)/f(z)) ≺ φ(z)} and C(φ) := {f ∈ A : (1 +
zf ′′(z)/f ′(z)) ≺ φ(z)} defined on the unit disk D and show that the classes
S∗(1+αz) and C(1+αz), 0 < α ≤ 1 solve the problem of finding the sharp S∗(φ)-
radii and C(φ)-radii for some normalized special functions, whenever φ(−1) =
1− α. Radius of strongly starlikeness is also considered.
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1. Introduction
Let Dr := {z : |z| < r} and A denote the class of analytic functions of the form
f(z) = z +
∑∞
k=2 akz
k in the open unit disk D := D1 = {z : |z| < 1}. Ma-Minda
[20] introduced the following subclasses of starlike and convex functions respectively
given by:
S∗(φ) :=
{
f ∈ A : zf
′(z)
f(z)
≺ φ(z)
}
and C(φ) :=
{
f ∈ A : 1 + zf
′′(z)
f ′(z)
≺ φ(z)
}
,
(1.1)
where φ, a Ma-Minda function, is analytic and univalent with ℜφ(z) > 0, φ′(0) > 0
and φ(D) is starlike with respect to φ(0) = 1 and symmetric about real axis. Note
that φ ∈ P, the class of normalized Carathe´odory functions. If we choose φ(z) =
(1 + Dz)/(1 + Ez), where −1 ≤ E < D ≤ 1, then S∗(φ) and C(φ) reduces to
the Janowski classes [14] of starlike and convex functions denoted by S∗[D,E] and
C[D,E] respectively. Here for the specific choices of D and E these classes reduces
to the following classes:
(i) S∗(γ) := S∗[1 − 2γ,−1] and C(γ) := C[1 − 2γ,−1], where 0 ≤ γ < 1 which
represent the classes of starlike and convex functions of order γ, that is,
S∗(γ) =
{
f ∈ A : ℜzf
′(z)
f(z)
> γ
}
and C(γ) =
{
f ∈ A : ℜ
(
1 +
zf ′′(z)
f ′(z)
)
> γ
}
.
(ii) S∗[α, 0] and C[α, 0], which are the extensions of the Ram singh [26] classes
S∗[1, 0] and C[1, 0] respectively, where 0 < α ≤ 1.
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A real entire function Lmaps real line into itself is said to be in the Laguerre-Po´lya
class LP, if it can be expressed as follows:
L(x) = cxme−ax
2+βx
∏
k≥1
(
1 +
x
xk
)
e
−
x
xk ,
where c, β, xk ∈ R, a ≥ 0, m ∈ N ∪ {0} and
∑
xk
−2 < ∞, see [4], [10, p. 703]
and the references therein. The class LP consists of entire functions which can be
approximated by polynomials with only real zeros, uniformly on the compacts sets
of the complex plane and it is closed under differentiation. Recall that S∗(φ)-radius
for a given normalized function f in A is defined as the largest radius r0 such that
f ∈ S∗(φ) in |z| ≤ r0. Similarly C(φ)-radius can be defined. For more radius
problems we refer to [7, 11, 17, 23]. Recently, S∗(γ)-radius and C(γ)-radius for the
normalized special functions, which can be represented as Hadamard factorization
[19] under certain conditions were studied [4, 1]. Some of the special functions,
which are studied recently are Bessel functions [1] (see Watson’s treatise [27] for
more on Bessel function), Struve functions [4, 1], Wright functions [2], Lommel
functions [4, 1], Legendre polynomials of odd degree [6] and Ramanujan type entire
functions [8]. Evidently, the zeros of these special functions and the LP class played
an important role in the derivation of the above radius results.
In this paper, we study the S∗(φ)-radius and C(φ)-radius problems of certain
special functions using the following extension of the Ram singh class:
S∗(1 + αz) =
{
f ∈ A : zf
′(z)
f(z)
≺ 1 + αz
}
and
C(1 + αz) =
{
f ∈ A : 1 + zf
′′(z)
f ′(z)
≺ 1 + αz
}
,
where 0 < α ≤ 1. We consider the case φ(−1) = 1− α, which covers many classical
classes and the recently introduced classes, see Corollary 5.1. Moreover, our results
also hold for the Ma-Minda Janowski and the Lemniscate of Bernoulli classes. The
radius of strongly starlikeness is also considered. We assume {w : |w − 1| < α} is
the maximal disk inside φ(D) and φ(−1) = 1− α, in what follows.
2. Wright and Mittag-Leffler functions
We deal here with two special functions.
2.1. Wright functions. Let us consider the generalized Bessel function
Φ(ρ, β, z) =
∑
n≥0
zn
n!Γ(nρ+ β)
,
where ρ > −1 and z, β ∈ C, named after E. M. Wright. The function Φ is entire for
ρ > −1. From [2, Lemma 1, p. 100], we have the following Hadamard factorization
Γ(β)Φ(ρ, β,−z2) =
∏
n≥1
(
1− z
2
ζ2ρ,β,n
)
, (2.1)
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where ρ, β > 0 and ζρ,β,n is the n-th positive root of Φ(ρ, β,−z2) and satisfies the
following relationship:
ζ˘ρ,β,n < ζρ,β,n < ζ˘ρ,β,n+1 < ζρ,β,n+1, (n ≥ 1) (2.2)
where ζ˘ρ,β,n is the n-th positive root of the derivative of the function Ψρ,β(z) =
zβΦ(ρ, β,−z2). Since Φ(ρ, β,−z2) 6∈ A, so we consider the following normalized
Wright functions:
fρ,β(z) =
[
zβΓ(β)Φ(ρ, β,−z2)]1/β
gρ,β(z) = zΓ(β)Φ(ρ, β,−z2)
hρ,β(z) = zΓ(β)Φ(ρ, β,−z). (2.3)
For simplicity, we write Wρ,β(z) := Φ(ρ, β,−z2).
Theorem 2.1. Let ρ, β > 0. Then S∗(1 + αz)-radii for the functions fρ,β, gρ,β and
hρ,β are the smallest positive roots of the following equations respectively:
(i) rW
′
ρ,β(r) + βαWρ,β(r) = 0;
(ii) rW
′
ρ,β(r) + αWρ,β(r) = 0;
(iii)
√
rW
′
ρ,β(
√
r) + 2αWρ,β(
√
r) = 0,
where α is the radius of disk {w : |w − 1| ≤ α}.
Proof. Using (2.1), we obtain the following by the logarithmic differentiation of
(2.3):
zf ′ρ,β(z)
fρ,β(z)
= 1 +
1
β
zW ′ρ,β(z)
Wρ,β(z)
= 1− 1
β
∑
n≥1
2z2
ζ2ρ,β,n − z2
zg′ρ,β(z)
gρ,β(z)
= 1 +
zW ′ρ,β(z)
Wρ,β(z)
= 1−
∑
n≥1
2z2
ζ2ρ,β,n − z2
zh′ρ,β(z)
hρ,β(z)
= 1 +
1
2
√
zW ′ρ,β(
√
z)
Wρ,β(
√
z)
= 1−
∑
n≥1
z
ζ2ρ,β,n − z
. (2.4)
Now using the fact that ||x| − |y|| ≤ |x − y| and |z| = r < ζρ,β,1, we see that fρ,β,
gρ,β and hρ,β belong to S∗(1 + αz) whenever∣∣∣∣zf ′ρ,β(z)fρ,β(z) − 1
∣∣∣∣ ≤ 1β
∑
n≥1
2r2
ζ2ρ,β,n − r2
≤ α
∣∣∣∣zg′ρ,β(z)gρ,β(z) − 1
∣∣∣∣ ≤∑
n≥1
2r2
ζ2ρ,β,n − r2
≤ α
∣∣∣∣zh′ρ,β(z)hρ,β(z) − 1
∣∣∣∣ ≤∑
n≥1
r
ζ2ρ,β,n − r
≤ α. (2.5)
The first part of each of the inequalities in (2.5) becomes equality when z = r. Now
consider the following continuous functions:
Tf (r) =
1
β
∑
n≥1
2r2
ζ2ρ,β,n − r2
− α, Tg(r) =
∑
n≥1
2r2
ζ2ρ,β,n − r2
− α, Th(r) =
∑
n≥1
r
ζ2ρ,β,n − r
− α.
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Note that Tf , Tg are increasing in (0, ζρ,β,1) and Th is in (0, ζ
2
ρ,β,1). Since limr→0 Tf (r) =
limr→0 Tg(r) = limr→0 Th(r) = −α < 0 and limr→ζρ,β,1 Tf(r) = limr→ζρ,β,1 Tg(r) =∞,
limr→ζ2
ρ,β,1
Th(r) =∞. Therefore, the required S∗(1+αz)-radii for the functions fρ,β
and gρ,β are the unique positive roots of the equations Tf (r) = 0, Tg(r) = 0 and for
hρ,β given by Th(r) = 0, respectively in (0, ζρ,β,1) and (0, ζ
2
ρ,β,1), which can be written
as in the statement using (2.4). Let rα,f , rα,g and rα,h be the roots of Tf (r) = 0,
Tg(r) = 0 and Th(r) = 0 respectively. Then from (2.4), we see that
rα,ff
′
ρ,β(rα,f)
fρ,β(rα,f)
=
rα,gg
′
ρ,β(rα,g)
gρ,β(rα,g)
=
rα,hh
′
ρ,β(rα,h)
hρ,β(rα,h)
= 1− α.
Hence the radii are sharp. 
Remark 2.1. From [2, Theorem 1], we see that the equations of Theorem 2.1 yields
the radius of starlikeness of order γ := 1− α for fρ,β, gρ,β and hρ,β.
We denote S∗(φ)-radius by R[S∗(φ)].
Theorem 2.2. Let ρ, β > 0. Then there exists an α ∈ (0, 1] such that the largest
disk {w : |w− 1| < α} ⊆ φ(D) and R[S∗(φ)] = R[S∗(1 + αz)] for the functions fρ,β,
gρ,β and hρ,β whenever φ(−1) = 1− α.
Proof. Choose α ∈ (0, 1] such that wα := {w : |w − 1| < α} is the maximal
disk inside φ(D). Let rα,f , rα,g and rα,h denote the smallest positive root of the
equations given in Theorem 2.1. Then fρ,β, gρ,β and hρ,β belong to S∗(1 + αz) in
|z| < rα,f , rα,g and rα,h, respectively. Since a function f1(z) ∈ S∗(φ) if and only
if e−itf1(e
itz) ∈ S∗(φ) for all t ∈ R. Therefore, using (2.4) with z = rα,f , rα,g
and rα,h along with φ(−1) = 1 − α, the maximality of the disk wα implies that
Fρ,β(|z| ≤ r), Gρ,β(|z| ≤ r) and Hρ,β(|z| ≤ r) do not lie inside φ(D) for r ≥ rα,f , rα,g
and rα,h respectively, where Fρ,β(z) = zf
′
ρ,β(z)/fρ,β(z), Gρ,β(z) = zg
′
ρ,β(z)/gρ,β(z)
and Hρ,β(z) = zh
′
ρ,β(z)/hρ,β(z) (with some suitable rotation). Hence, fρ,β, gρ,β and
hρ,β belong to S∗(φ) in |z| < rα,f , rα,g and rα,h, respectively and the radii are
sharp. 
Theorem 2.3. Let ρ, β > 0. Then C(1 + αz)-radii for the functions fρ,β, gρ,β and
hρ,β are the smallest positive roots of the following equations respectively:
(i)
rΨ
′′
ρ,β(r)
Ψ
′
ρ,β(r)
+
(
1
β
− 1
)
rΨ
′
ρ,β(r)
Ψρ,β(r)
+ α = 0;
(ii) rg′′ρ,β(r) + αg
′
ρ,β(r) = 0;
(iii) rh′′ρ,β(z) + αh
′
ρ,β(r) = 0,
where α is the radius of the disk {w : |w − 1| ≤ α}.
Proof. From (2.1), (2.3) and the representation Γ(β)Ψ
′
ρ,β(z) = βz
β−1
∏
n≥1
(
1− z
2
ζ˘2ρ,β,n
)
,
(see [2, Eq. 7]), we have
1 +
zf ′′ρ,β(z)
f ′ρ,β(z)
= 1 +
zΨ
′′
ρ,β(z)
Ψ
′
ρ,β(z)
+
(
1
β
− 1
)
zΨ
′
ρ,β(z)
Ψρ,β(z)
= 1−
∑
n≥1
2z2
ζ˘2ρ,β,n − z2
−
(
1
β
− 1
)∑
n≥1
2z2
ζ2ρ,β,n − z2
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and for β > 1, using the following inequality of [9]:∣∣∣∣ zy − z − λ zx− z
∣∣∣∣ ≤ |z|y − |z| − λ |z|x− |z| , (x > y > r ≥ |z|) (2.6)
with λ = 1− 1/β, we get∣∣∣∣∣zf
′′
ρ,β(z)
f ′ρ,β(z)
∣∣∣∣∣ =
∣∣∣∣∣
∑
n≥1
2z2
ζ˘2ρ,β,n − z2
−
(
1− 1
β
)∑
n≥1
2z2
ζ2ρ,β,n − z2
∣∣∣∣∣
≤
∑
n≥1
2r2
ζ˘2ρ,β,n − r2
−
(
1− 1
β
)∑
n≥1
2r2
ζ2ρ,β,n − r2
= −rf
′′
ρ,β(r)
f ′ρ,β(r)
= −rΨ
′′
ρ,β(r)
Ψ
′
ρ,β(r)
−
(
1
β
− 1
)
rΨ
′
ρ,β(r)
Ψρ,β(r)
Since gρ,β and hρ,β belong to the Laguerre-Po´lya class LP, which is closed under
differentiation, their derivatives g′ρ,β and h
′
ρ,β also belong to LP and the zeros are real.
Thus assuming τρ,β,n and ηρ,β,n are the positive zeros of g
′
ρ,β and h
′
ρ,β, respectively,
we have the following representations:
g′ρ,β(z) =
∏
n≥1
(
1− z
2
τ 2ρ,β,n
)
and h′ρ,β(z) =
∏
n≥1
(
1− z
ηρ,β,n
)
,
which yield
1 +
zg′′ρ,β(z)
g′ρ,β(z)
= 1−
∑
n≥1
2z2
τ 2ρ,β,n − z2
and 1 +
zh′′ρ,β(z)
h′ρ,β(z)
= 1−
∑
n≥1
z
ηρ,β,n − z .
Now using the inequality ||x| − |y|| ≤ |x− y| and the relation (2.2), we see that fρ,β,
gρ,β and hρ,β belongs to C(1 + αz) whenever∣∣∣∣∣zf
′′
ρ,β(z)
f ′ρ,β(z)
∣∣∣∣∣ ≤
∑
n≥1
2r2
ζ˘2ρ,β,n − r2
+
(
1
β
− 1
)∑
n≥1
2r2
ζ2ρ,β,n − r2
≤ α, (β > 0, |z| = r < ζ˘ρ,β,1)
∣∣∣∣∣zg
′′
ρ,β(z)
g′ρ,β(z)
∣∣∣∣∣ ≤
∑
n≥1
2r2
τ 2ρ,β,n − r2
≤ α (|z| = r < τρ,β,1) and
∣∣∣∣∣zh
′′
ρ,β(z)
h′ρ,β(z)
∣∣∣∣∣ ≤
∑
n≥1
r
ηρ,β,n − r ≤ α (|z| = r < ηρ,β,1)
respectively. Now further proceeding as in Theorem 2.1, the result follows at once.

Remark 2.2. From [2, Theorem 5], we see that equations of Theorem 2.3 yields the
radius of starlikeness of order γ := 1− α for fρ,β, gρ,β and hρ,β.
We denote C(φ)-radius by R[C(φ)].
Theorem 2.4. Let ρ, β > 0. Then there exists an α ∈ (0, 1] such that the largest
disk {w : |w − 1| < α} ⊆ φ(D) and R[C(φ)] = R[C(1 + αz)] for the functions fρ,β,
gρ,β and hρ,β, whenever φ(−1) = 1− α.
The proof of Theorem 2.4 is similar to Theorem 2.2 and hence it is skipped here.
6 S. SIVAPRASAD KUMAR AND KAMALJEET
2.2. Mittag-Leffler functions. In 1971, Prabhakar [25] introduced the following
function
M(µ, ν, a, z) :=
∑
n≥0
(a)nz
n
n!Γ(µn, ν)
,
where (a)n = Γ(a + n)/Γ(a) denotes the Pochhammer symbol and µ, ν, a > 0. The
functions M(µ, ν, 1, z) and M(µ, 1, 1, z) were introduced and studied by Wiman and
Mittag-Leffler, respectively. Now let us consider the setWb = A(Wc)∪B(Wc), where
Wc :=
{(
1
µ
, ν
)
: 1 < µ < 2, ν ∈ [µ− 1, 1] ∪ [µ, 2]
}
and denote by Wi, the smallest set containing Wb and invariant under the trans-
formations A, B and C mapping the set {( 1
µ
, ν) : µ > 1, ν > 0} into itself and are
defined as:
A : ( 1
µ
, ν)→ ( 1
2µ
, ν), B : ( 1
µ
, ν)→ ( 1
2µ
, µ+ ν),
C : ( 1
µ
, ν)→
{
( 1
µ
, ν − 1), if ν > 1;
( 1
µ
, ν), if 0 < ν ≤ 1.
Kumar and Pathan [18] proved that if ( 1
µ
, ν) ∈ Wi and a > 0, then all zeros of
M(µ, ν, a, z) are real and negative. From [3, Lemma 1, p. 121], we see that if
( 1
µ
, ν) ∈ Wi and a > 0, then the function M(µ, ν, a,−z2) has infinitley many zeros,
which are all real and have the following representation:
Γ(ν)M(µ, ν, a,−z2) =
∏
n≥1
(
1− z
2
λ2µ,ν,a,n
)
,
where λµ,ν,a,n is the n-th positive zero of M(µ, ν, a,−z2) and satisfy the interlacing
relation
ξµ,ν,a,n < λµ,ν,a,n < ξµ,ν,a,n+1 < λµ,ν,a,n+1 (n ≥ 1),
where ξµ,ν,a,n is the n-th positive zero of the derivative of z
νM(µ, ν, a,−z2). Since
M(µ, ν, a,−z2) 6∈ A, therefore we consider the following normalized forms (belong
to the Laguerre-Po´lya class):
fµ,ν,a(z) =
[
zνΓ(ν)M(µ, ν, a,−z2)]1/ν
gµ,ν,a(z) = zΓ(ν)M(µ, ν, a,−z2)
hµ,ν,a(z) = zΓ(ν)M(µ, ν, a,−z). (2.7)
For simplicity, write L(µ, ν, a, z) := M(µ, ν, a,−z2). Now proceeding similarly as
in Section 2.1, we obtain the following results:
Theorem 2.5. Let ( 1
µ
, ν) ∈ Wi and a > 0. Then S∗(1 + αz)-radii for the func-
tions fµ,ν,a, gµ,ν,a and hµ,ν,a are the smallest positive roots of the following equations
respectively:
(i) rL
′
µ,ν,a(r) + ναLµ,ν,a(r) = 0;
(ii) rL
′
µ,ν,a(r) + αLµ,ν,a(r) = 0;
(iii)
√
rL
′
µ,ν,a(
√
r) + 2αLµ,ν,a(
√
r) = 0,
where α is the radius of the disk {w : |w − 1| ≤ α}.
S
∗(φ) AND C(φ)-RADII FOR SOME SPECIAL FUNCTIONS 7
Theorem 2.6. Let ( 1
µ
, ν) ∈ Wi and a > 0. Then there exists an α ∈ (0, 1] such that
the largest disk {w : |w − 1| < α} ⊆ φ(D) and R[S∗(φ)] = R[S∗(1 + αz)] for the
functions fµ,ν,a, gµ,ν,a and hµ,ν,a.
Theorem 2.7. Let ( 1
µ
, ν) ∈ Wi and a > 0. Then C(1 + αz)-radii for the func-
tions fµ,ν,a, gµ,ν,a and hµ,ν,a are the smallest positive roots of the following equations
respectively:
(i) rf ′′µ,ν,a(r) + αf
′
µ,ν,a(r) = 0;
(ii) rg′′µ,ν,a(r) + αg
′
µ,ν,a(r) = 0;
(iii) rh′′µ,ν,a(r) + αh
′
µ,ν,a(r) = 0,
where α is the radius of the disk {w : |w − 1| ≤ α}.
Theorem 2.8. Let ( 1
µ
, ν) ∈ Wi and a > 0. Then there exists an α ∈ (0, 1] such
that the largest disk {w : |w − 1| < α} ⊆ φ(D) and R[C(φ)] = R[C(1 + αz)] for the
functions fµ,ν,a, gµ,ν,a and hµ,ν,a.
Remark 2.3. From [3, Theorem 1, Theorem 3], we see that equations of Theorem 2.5
and Theorem 2.7 yields the radius of starlikeness and radius of convexity of order
γ := 1− α for fµ,ν,a, gµ,ν,a and hµ,ν,a, respectively.
3. Results on Convexity
It is evident that R[S∗(φ)] = R[S∗(1 + αz)] for the Lommel function [4], Struve
functions [4] and odd degree Legendre polynomials [6], which is proved in [16] by
us.
3.1. Convexity of Legendre polynomials. The Legendre polynomials Pn are the
solutions of the Legendre differential equation
((1− z2)P ′n(z))′ + n(n + 1)Pn(z) = 0,
where n ∈ Z+ and using Rodrigues formula, Pn can be represented in the form:
Pn(z) =
1
2nn!
dn(z2 − 1)n
dzn
and it also satisfies the geometric condition Pn(−z) = (−1)nPn(z). Moreover, the
odd degree Legendre polynomials P2n−1(z) have only real roots which satisfy
0 = z0 < z1 < · · · < zn−1 or − z1 > · · · > −zn−1. (3.1)
Thus the normalized form is as follows:
P2n−1(z) := P2n−1(z)
P ′2n−1(0)
= z +
2n−1∑
k=2
akz
k = a2n−1z
n−1∏
k=1
(z2 − z2k). (3.2)
Theorem 3.1. R[C(φ)] = R[C(1 + αz)] for the normalized Legendre polynomial of
odd degree is given by the smallest positive root r(P2n−1) of the equation
rP ′′2n−1(r) + αP ′2n−1(r) = 0,
where α is the radius of the largest disk {w : |w − 1| < α} inside φ(D).
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Proof. From (3.2), we obtain
1+
zP ′′2n−1(z)
P ′2n−1(z)
=
zP ′2n−1(z)
P2n−1(z) −
∑n−1
k=1
4z2kz
2
(z2k − z2)2
zP ′2n−1(z)
P2n−1(z)
= 1−
n−1∑
k=1
2z2
z2k − z2
−
∑n−1
k=1
4z2kz
2
(z2k − z2)2
1−∑n−1k=1 2z2z2k − z2
,
which implies, after using the inequality ||x|−|y|| ≤ |x−y| and (3.1) for |z| = r < z1
∣∣∣∣
(
1 +
zP ′′2n−1(z)
P ′2n−1(z)
)
− 1
∣∣∣∣ ≤
n−1∑
k=1
2r2
z2k − r2
+
∑n−1
k=1
4z2kr
2
(z2k − r2)2
1−∑n−1k=1 2r2z2k − r2
= −rP
′′
2n−1(r)
P ′2n−1(r)
. (3.3)
Now let α be the largest such that {w : |w − 1| ≤ α} ⊆ φ(D). Then from (3.3), we
see that P2n−1 ∈ C(1 + αz) ⊆ C(φ), whenever
rP ′′2n−1(r) + αP ′2n−1(r) ≥ 0,
which holds in |z| = r ≤ r(P2n−1). Sharpness of the radius r(P2n−1) follows from
the suitable rotation of P2n−1. 
3.2. Convexity of Lommel functions. The Lommel function Lu,v of first kind is
a particular solution of the second-order inhomogeneous Bessel differential equation
z2w′′(z) + zw′(z) + (z2 − v2)w(z) = zu+1,
where u± v /∈ Z− and is given by
Lu,v = z
u+1
(u− v + 1)(u+ v + 1)1F2
(
1;
u− v + 3
2
,
u+ v + 3
2
;−z
2
4
)
,
where
1
2
(−u ± v − 3) /∈ N and 1F2 is a hypergeometric function. Since it is not
normalized, so we consider the following three normalized functions involving Lu,v :
fu,v(z) = ((u− v + 1)(u+ v + 1)Lu,v(z))
1
u+1 ,
gu,v(z) = (u− v + 1)(u+ v + 1)z−uLu,v(z),
hu,v(z) = (u− v + 1)(u+ v + 1)z
1− u
2 Lu,v(
√
z). (3.4)
Authors in [1, 4] and [5] proved the radius of starlikeness and convexity for the
following normalized functions expressed in terms of L
u−
1
2
,
1
2
:
f
u−
1
2
,
1
2
(z), g
u−
1
2
,
1
2
(z) and h
u−
1
2
,
1
2
(z), (3.5)
where 0 6= u ∈ (−1, 1). Now we find R[C(φ)] of the functions defined in (3.5). For
simplicity, we write these as fu, gu and hu, respectively and Lu−1
2
,
1
2
= Lu.
Theorem 3.2. The C(φ)-radii for the functions fu, gu and hu are the smallest pos-
itive roots of the following equations respectively:
(i) rf ′′u (r) + αf
′
u(r) = 0;
(ii) rg′′u(r) + αg
′
u(r) = 0;
(iii) rh′′u(r) + αh
′
u(r) = 0,
where α is the radius of the largest disk {w : |w − 1| < α} inside φ(D).
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Proof. We begin with the first part. From (3.4), we have
1 +
zf ′′u (z)
f ′u(z)
= 1 +
zL′′u(z)
L′u(z)
+

 1
u+
1
2
− 1

 zL′u(z)Lu(z) . (3.6)
Also using the result [5, Lemma 1], we have
Lu(z) = z
u+
1
2
u(u+ 1)
Φ0(z) =
z
u+
1
2
u(u+ 1)
∏
n≥1
(
1− z
2
τ 2u,n
)
,
where Φk(z) := 1F2
(
1;
u− k + 2
2
,
u− k + 3
2
;−z
2
4
)
with conditions as mentioned
in [5, Lemma 1], and from the proof of [5, Theorem 3], we see that the entire
function
u(u+ 1)
u+
1
2
z
−u+
1
2L′u(z) is of order 1/2 and thus has the following Hadamard
factorization:
L′u(z) =
u+
1
2
u(u+ 1)
z
u−
1
2
∏
n≥1
(
1− z
2
τ˘ 2u,n
)
,
where τu,n and τ˘u,n are the n-th positive zeros of Lu and L′u, respectively and interlace
for 0 6= u ∈ (−1, 1) (see [5, Theorem 1]). Now we can rewrite (3.6) as follows:
1 +
zf ′′u (z)
f ′u(z)
= 1−

 1
u+
1
2
− 1

∑
n≥1
2z2
τ 2u,n − z2
−
∑
n≥1
2z2
τ˘ 2u,n − z2
.
Let us now consider the case u ∈ (0, 1/2]. Then using the inequality ||x| − |y|| ≤
|x− y| for |z| = r < τ˘u,1 < τu,1 we get
∣∣∣∣zf ′′u (z)f ′u(z)
∣∣∣∣ ≤

 1
u+
1
2
− 1

∑
n≥1
2r2
τ 2u,n − r2
+
∑
n≥1
2r2
τ˘ 2u,n − r2
= −rf
′′
u (r)
f ′u(r)
(3.7)
and for the case u ∈ (1/2, 1), using the inequality (2.6) with λ = 1 − 1/(u + 1/2),
we also get ∣∣∣∣zf ′′u (z)f ′u(z)
∣∣∣∣ ≤ −rf ′′u (r)f ′u(r) , (3.8)
which is same as (3.7). When u ∈ (−1, 0), then we proceed similarly substituting
u by u − 1, Φ0 by Φ1, where Φ1 belongs to the Laguerre-Po´lya class LP and the
n-th positive zeros ξu,n and ξ˘u,n of Φ1 and its derivative Φ
′
1, respectively interlace.
Finally, replacing u by u+ 1, we obtain the required inequality.
For 0 6= u ∈ (−1, 1), the Hadamard factorization for the entire functions g′u and
h′u of order 1/2 [5, Theorem 3] is given by
g′u(z) =
∏
n≥1
(
1− z
2
γ2u,n
)
and h′u(z) =
∏
n≥1
(
1− z
δ2u,n
)
, (3.9)
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where γu,n and δu,n are n-th positive zeros of g
′
u and h
′
u, respectively and γu,1, δu,1 <
τu,1. Now from (3.4) and (3.9), we have
1 +
zg′′u(z)
g′u(z)
=
1
2
− u+ z
(
3
2
− u)L′u(z) + zL′′u(z)
(
1
2
− u)Lu(z) + zL′u(z)
= 1−
∑
n≥1
2z2
γ2u,n − z2
1 +
zh′′u(z)
h′u(z)
=
1
2

3
2
− u+√z
(
5
2
− u)L′u(
√
z) +
√
zL′′u(
√
z)
(
3
2
− u)Lu(
√
z) +
√
zL′u(
√
z)

 = 1−∑
n≥1
z
δ2u,n − z
.
(3.10)
Using the inequality ||x|−|y|| ≤ |x−y| in (3.10) for |z| = r < γu,1 and |z| = r < δu,1,
we get∣∣∣∣zg′′u(z)g′u(z)
∣∣∣∣ ≤∑
n≥1
2r2
γ2u,n − r2
= −rg
′′
u(r)
g′u(r)
and
∣∣∣∣zh′′u(z)h′u(z)
∣∣∣∣ ≤∑
n≥1
r
δ2u,n − r
= −rh
′′
u(r)
h′u(r)
.
(3.11)
Now let α be the largest such that {w : |w − 1| ≤ α} ⊆ φ(D). Then from (3.7),
(3.8) and (3.11), we see that fu, gu and hu belong to C(1 + αz) ⊆ C(φ), whenever
the following inequalities
−rf
′′
u (r)
f ′u(r)
≤ α, −rg
′′
u(r)
g′u(r)
≤ α and − rh
′′
u(r)
h′u(r)
≤ α
hold. Further proceeding as in Theorem 2.1, we obtain the desired equations. Sharp-
ness of the radii follow with the suitable rotations of the functions fu, gu and hu. 
3.3. Convexity of Struve functions. The Struve function Hβ of first kind is a
particular solution of the second-order inhomogeneous Bessel differential equation
z2w′′(z) + zw′(z) + (z2 − β2)w(z) =
4(
z
2
)β+1
√
πΓ(β +
1
2
)
and have the following form:
Hβ(z) :=
(
z
2
)β+1√
π
4
Γ(β +
1
2
)
1F2
(
1;
3
2
, β +
3
2
;−z
2
4
)
,
where −β− 3
2
/∈ N and 1F2 is a hypergeometric function. Since it is not normalized,
so we consider the following three normalized functions involving Hβ :
Uβ(z) =
(√
π2β(β +
3
2
)Hβ(z)
) 1
β + 1
,
Vβ(z) =
√
π2βz−βΓ(β +
3
2
)Hβ(z),
Wβ(z) =
√
π2βz
1 − β
2 Γ(β +
3
2
)Hβ(
√
z). (3.12)
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Moreover, for |β| ≤ 1
2
, Hβ and H
′
β have the Hadamard factorizations [5, Theorem 4]
given by
Hβ(z) =
zβ+1
√
π2βΓ(β +
3
2
)
∏
n≥1
(
1− z
2
z2β,n
)
and H′β(z) =
(β + 1)zβ
√
π2βΓ(β +
3
2
)
∏
n≥1
(
1− z
2
z˘2β,n
)
(3.13)
where zβ,n and z˘β,n are the n-th positive zeros of Hβ and H
′
β,respectively and in-
terlace [5, Theorem 2]. Thus from (3.13) with logarithmic differentiation, we obtain
respectively
zH′β(z)
Hβ(z)
= (β + 1)−
∑
n≥1
2z2
z2β,n − z2
and 1 +
zH′′β(z)
H′β(z)
= (β + 1)−
∑
n≥1
2z2
z˘2β,n − z2
.
(3.14)
Also for |β| ≤ 1
2
, the Hadamard factorization for the entire functions V ′β and W
′
β of
order 1/2 [5, Theorem 4] is given by
V ′β(z) =
∏
n≥1
(
1− z
2
η2β,n
)
and W ′β(z) =
∏
n≥1
(
1− z
σ2β,n
)
, (3.15)
where ηβ,n and σβ,n are n-th positive zeros of V
′
β and W
′
β , respectively. V
′
β and W
′
β
belong to the Laguerre-Po´lya class and zeros satisfy ηβ,1, σβ,1 < zβ,1. Now proceeding
as in Theorem 3.2 using (3.12), (3.13), (3.14) and (3.15), we obtain the following
result:
Theorem 3.3. Let |β| ≤ 1/2. Then C(φ)-radii for the functions Uβ, Vβ and Wβ are
the smallest positive roots of the following equations respectively:
(i) rU ′′β (r) + αU
′
β(r) = 0;
(ii) rV ′′β (r) + αV
′
β(r) = 0;
(iii) rW ′′β (r) + αW
′
β(r) = 0,
where α is the radius of the largest disk {w : |w − 1| < α} inside φ(D).
4. On Ramanujan type entire functions
Ismail and Zhang [13] defined the following entire function of growth order zero
for β > 0, called Ramanujan type entire function
A(β)q (a, z) =
∑
n≥0
(a; q)nq
βn2
(q; q)n
zn,
where β > 0, 0 < q < 1, a ∈ C, (a; q)0 = 1 and (a; q)k =
∏k−1
j=0(1 − aqj) for
k ≥ 1, which is the generalization of both the Ramanujan entire function Aq(z) and
Stieltjes-Wigert polynomial Sn(z; q). Since A
(β)
q (a, z) 6∈ A, therefore consider the
following three normalized functions in A:
fβ,q(a, z) =
(
zβA(β)q (−a,−z2)
)1/β
gβ,q(a, z) = zA
(β)
q (−a,−z2)
hβ,q(a, z) = zA
(β)
q (−a,−z), (4.1)
12 S. SIVAPRASAD KUMAR AND KAMALJEET
where β > 0, a ≥ 0 and 0 < q < 1. From [8, Lemma 2.1, p. 4-5], we see that the
function
z → Ψβ,q(a, z) := A(β)q (−a,−z2)
has infinitely many zeros (all are positive) for β > 0, a ≥ 0 and 0 < q < 1. Let
ψβ,q,n(a) be the n-th positive zero of Ψβ,q(a, z). Then it has the following Weiersstrass
decomposition:
Ψβ,q(a, z) =
∏
n≥1
(
1− z
2
ψ2β,q,n(a)
)
. (4.2)
Moreover, the n-th positive zero Ξβ,q,n(a) of the derivative of the following function
Φβ,q(a, z) := z
βΨβ,q(a, z) (4.3)
interlace with ψβ,q,n(a) and satisfy the relation Ξβ,q,n(a) < ψβ,q,n(a) < Ξβ,q,n+1(a) <
ψβ,q,n+1(a) for n ≥ 1. Now using (4.1) and (4.2), we have
zf ′β,q(a, z)
fβ,q(a, z)
= 1 +
1
β
zΨ′β,q(a, z)
Ψβ,q(a, z)
= 1− 1
β
∑
n≥1
2z2
ψ2β,q,n(a)− z2
; (a > 0)
zg′β,q(a, z)
gβ,q(a, z)
= 1 +
zΨ′β,q(a, z)
Ψβ,q(a, z)
= 1−
∑
n≥1
2z2
ψ2β,q,n(a)− z2
;
zh′β,q(a, z)
hβ,q(a, z)
= 1 +
1
2
√
zΨ′β,q(a,
√
z)
Ψβ,q(a,
√
z)
= 1−
∑
n≥1
z
ψ2β,q,n(a)− z
,
where β > 0, a ≥ 0 and 0 < q < 1. Also, using (4.3) and the infinite product
representation of Φ′ [8, p. 14-15, Also see Eq. 4.6], we have
1 +
zf ′′β,q(a, z)
f ′β,q(a, z)
= 1 +
zΦ′′β,q(a, z)
Φ′β,q(a, z)
+
(
1
β
− 1
)
zΦ′β,q(a, z)
Φβ,q(a, z)
= 1−
∑
n≥1
2z2
Ξ2β,q,n(a)− z2
−
(
1
β
− 1
)∑
n≥1
2z2
ψ2β,q,n(a)− z2
.
As (zΨβ,q(a, z))
′ and h′β,q(a, z) belongs to LP. So suppose γβ,q,n(a) be the positive
zeros of g′β,q(a, z) (growth order is same as Ψβ,q(a, z)) and δβ,q,n(a) be the positive
zeros of h′β,q(a, z). Thus using their infinite product representations, we have
1 +
zg′′β,q(a, z)
g′β,q(a, z)
= 1−
∑
n≥1
2z2
γ2β,q,n(a)− z2
1 +
zh′′β,q(a, z)
h′β,q(a, z)
= 1−
∑
n≥1
z
δ2β,q,n(a)− z
.
Now proceeding similarly as done in the above sections, we obtain the following
results:
Theorem 4.1. Let β > 0, a ≥ 0 and 0 < q < 1. Then S∗(φ)-radii for the functions
fβ,q(a, z), gβ,q(a, z) and hβ,q(a, z) are the smallest positive roots of the following
equations respectively:
(i) rΨ′β,q(a, r) + βαΨβ,q(a, r) = 0;
(ii) rΨ′β,q(a, r) + αΨβ,q(a, z) = 0;
(iii)
√
rΨ′β,q(a,
√
r) + 2αΨβ,q(a,
√
r) = 0,
S
∗(φ) AND C(φ)-RADII FOR SOME SPECIAL FUNCTIONS 13
where α is the radius of the largest disk {w : |w − 1| < α} inside φ(D).
Theorem 4.2. Let β > 0, a ≥ 0 and 0 < q < 1. Then C(φ)-radii for the functions
fβ,q(a, z), gβ,q(a, z) and hβ,q(a, z) are the smallest positive roots of the following
equations respectively:
(i)
rΦ′′β,q(a, r)
Φ′β,q(a, r)
+
(
1
β
− 1
)
rΦ′β,q(a, r)
Φβ,q(a, r)
+ α = 0;
(ii) rg′′β,q(a, r) + αg
′
β,q(a, r) = 0;
(iii) rh′′β,q(a, r) + αh
′
β,q(a, r) = 0,
where α is the radius of the largest disk {w : |w − 1| < α} inside φ(D).
5. Some Applications and Further Results
5.1. Applications. In the following result, we consider the Caratheo´dory functions
φ associated with some well known classes as well as some recently introduced in
[7, 24, 23, 22, 15, 14, 12]:
Corollary 5.1. If α be the radius of the largest disk {w : |w− 1| < α} inside φ(D),
where
(i) α = min
{∣∣∣∣1− 1 +D1 + E
∣∣∣∣ ,
∣∣∣∣1− 1−D1−E
∣∣∣∣
}
=
D − E
1 + |E| when φ(z) =
1 +Dz
1 + Ez
, where
−1 ≤ E < D ≤ 1;
(ii) α =
√
2− 2√2 +
√
−2 + 2√2 when φ(z) = √2− (√2− 1)
√
1− z
1 + 2(
√
2− 1)z ;
(iii) α =
√
2− 1 when φ(z) = √1 + z;
(iv) α = e− 1 when φ(z) = ez;
(v) α = 2−√2 when φ(z) = z +√1 + z2;
(vi) α = 1/e when φ(z) = 1 + zez;
(vii) α =
e− 1
e+ 1
when φ(z) =
2
1 + e−z
;
(viii) α = sin 1 when φ(z) = 1 + sin z;
(ix) for the domains bounded by the conic sections Ωκ := {w = u + iv : u2 >
κ2(u− 1)2 + κ2v2; κ ∈ [0,∞)}, we have
α =
1
κ+ 1
,
where the boundary curve of Ωκ for fixed κ is represented by the imaginary axis
(κ = 0), the right branch of a hyperbola (0 < κ < 1), a parabola (κ = 1) and
an ellipse (κ > 1). The univalent Caratheo´dory functions mapping D onto Ωκ
is given by
φ(z) := φκ(z) =


1 + z
1− z for κ = 0;
1 +
2
1− κ2 sinh
2(A(κ)arctanh
√
z) for κ ∈ (0, 1);
1 +
2
π2
log2
1 +
√
z
1−√z for κ = 1;
1 +
2
κ2 − 1 sin
2
(
π
2K(t)
F
(√
z√
t
, t
))
for κ > 1,
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where A(κ) = (2/π) arccos(κ), F (w, t) =
∫ w
0
dx√
(1− x2)(1− t2x2) is the Leg-
ender elliptic integral of the first kind, K(t) = F (1, t) and t ∈ (0, 1) is choosen
such that κ = cosh(πK ′(t)/2K(t)).
Then Theorems 2.2, 2.4, 2.6, 2.8, 3.1, 3.2, 3.3, 4.1 and 4.2 hold true for the above
choices of φ respectively.
In the above corollary for the janowski functions at (i), we use its inverse rep-
resentaion |(w − 1)/(D − Ew)| < 1 for the sharpness (also see [21]). Whereas for
the Lemniscate of Bernoulli at (iii), we use the fact that if |w − 1| ≤ √2 − 1, then
|w + 1| ≤ √2 + 1, which implies |w2 − 1| ≤ 1.
5.2. Radius of Strongly Starlikness. To prove our next result, we need the
following lemma:
Lemma 5.1. [11] If |z| ≤ r < 1 and |zk| = R > r, then we have∣∣∣∣ zz − zk +
r2
R2 − r2
∣∣∣∣ ≤ RrR2 − r2 .
Theorem 5.2 (Wright functions). Let ρ, β > 0. Then S∗
((
1 + z
1− z
)ǫ)
-radii for the
functions fρ,β, gρ,β and hρ,β are the unique positive roots of the following equations:
(i)
2
β
∑
n≥1
(
ζ2ρ,β,nr
2
ζ4ρ,β,n − r4
+ sin
(πǫ
2
) r4
ζ4ρ,β,n − r4
)
− sin
(πǫ
2
)
= 0;
(ii) 2
∑
n≥1
(
ζ2ρ,β,nr
2
ζ4ρ,β,n − r4
+ sin
(πǫ
2
) r4
ζ4ρ,β,n − r4
)
− sin
(πǫ
2
)
= 0;
(iii)
∑
n≥1
(
ζ2ρ,β,nr
ζ4ρ,β,n − r2
+ sin
(πǫ
2
) r2
ζ4ρ,β,n − r2
)
− sin
(πǫ
2
)
= 0
in (0, ζρ,β,1), (0, ζρ,β,1) and (0, ζ
2
ρ,β,1) respectively.
Proof. We prove the first part and the rest all follow in the similar manner. From
(2.4) and using Lemma 5.1, we see that
zf ′ρ,β(z)
fρ,β(z)
= 1 +
1
β
zW ′ρ,β(z)
Wρ,β(z)
= 1− 1
β
∑
n≥1
2z2
ζ2ρ,β,n − z2
,
which implies∣∣∣∣∣zf
′
ρ,β(z)
fρ,β(z)
−
(
1− 1
β
∑
n≥1
2r4
ζ4ρ,β,n − r4
)∣∣∣∣∣ ≤ 1β
∑
n≥1
∣∣∣∣∣ 2z
2
z2 − ζ2ρ,β,n
+
2r4
ζ4ρ,β,n
− r4
∣∣∣∣∣
≤ 2
β
∑
n≥1
ζ2ρ,β,nr
2
ζ4ρ,β,n − r4
(5.1)
for |z| ≤ r < ζρ,β,1. Define
a :=
(
1− 1
β
∑
n≥1
2r4
ζ4ρ,β,n − r4
)
and Ra :=
2
β
∑
n≥1
ζ2ρ,β,nr
2
ζ4ρ,β,n − r4
.
S
∗(φ) AND C(φ)-RADII FOR SOME SPECIAL FUNCTIONS 15
Now from Lemma [11, Lemma 3.1, p. 307], we see that the disk |w − a| ≤ Ra in
(5.1) is contained in the sector | argw| ≤ πǫ/2, whenever
2
β
∑
n≥1
ζ2ρ,β,nr
2
ζ4ρ,β,n − r4
≤
((
1− 1
β
∑
n≥1
2r4
ζ4ρ,β,n − r4
))
sin
(πǫ
2
)
(5.2)
holds. Let us now define
T (r) :=
2
β
∑
n≥1
(
ζ2ρ,β,nr
2
ζ4ρ,β,n − r4
+ sin
(πǫ
2
) r4
ζ4ρ,β,n − r4
)
− sin
(πǫ
2
)
.
Then a simple calculation shows that T ′(r) ≥ 0. Moreover, limr→0 T (r) < 0 and
limr→ζρ,β,1 T (r) > 0. Thus (5.2) holds in |z| ≤ r0, where r0 is the unique positive
root of T (r) = 0 in (0, ζρ,β,1). This completes the proof. 
The following results can be derived in a similar fashion as dealt in Theorem 5.2.
So the proofs are omitted here.
Theorem 5.3 (On Lommel functions). The S∗
(
(
1 + z
1− z )
ǫ
)
-radii for the functions
fu, gu and hu are the unique positive roots of the following equations:
(i)
2
u+
1
2
∑
n≥1
(
τ 2u,nr
2
τ 4u,n − r4
+ sin
(πǫ
2
) r4
τ 4u,n − r4
)
− sin
(πǫ
2
)
= 0;
(ii) 2
∑
n≥1
(
τ 2u,nr
2
τ 4u,n − r4
+ sin
(πǫ
2
) r4
τ 4u,n − r4
)
− sin
(πǫ
2
)
= 0;
(iii)
∑
n≥1
(
τ 2u,nr
τ 4u,n − r2
+ sin
(πǫ
2
) r2
τ 4u,n − r2
)
− sin
(πǫ
2
)
= 0
in (0, τu,1), (0, τu,1) and (0, τ
2
u,1) respectively.
Theorem 5.4 (Struve functions). Let |β| ≤ 1/2. Then S∗
(
(
1 + z
1− z )
ǫ
)
-radii for the
functions Uβ, Vβ and Wβ are the unique positive roots of the following equations:
(i)
2
β + 1
∑
n≥1
(
z2β,nr
2
z4β,n − r4
+ sin
(πǫ
2
) r4
z4β,n − r4
)
− sin
(πǫ
2
)
= 0;
(ii) 2
∑
n≥1
(
z2β,nr
2
z4β,n − r4
+ sin
(πǫ
2
) r4
z4β,n − r4
)
− sin
(πǫ
2
)
= 0;
(iii)
∑
n≥1
(
z2β,nr
z4β,n − r2
+ sin
(πǫ
2
) r2
z4β,n − r2
)
− sin
(πǫ
2
)
= 0
in (0, zβ,1), (0, zβ,1) and (0, z
2
β,1) respectively.
Theorem 5.5 (Mittag-Leffler functions). Let ( 1
µ
, ν) ∈ Wi and a > 0. Then S∗
(
(
1 + z
1− z )
ǫ
)
-
radii for the functions fµ,ν,a, gµ,ν,a and hµ,ν,a are the unique positive roots of the
following equations:
(i)
2
ν
∑
n≥1
(
λ2µ,ν,a,nr
2
λ4µ,ν,a,n − r4
+ sin
(πǫ
2
) r4
λ4µ,ν,a,n − r4
)
− sin
(πǫ
2
)
= 0;
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(ii) 2
∑
n≥1
(
λ2µ,ν,a,nr
2
λ4µ,ν,a,n − r4
+ sin
(πǫ
2
) r4
λ4µ,ν,a,n − r4
)
− sin
(πǫ
2
)
= 0;
(iii)
∑
n≥1
(
λ2µ,ν,a,nr
λ4µ,ν,a,n − r2
+ sin
(πǫ
2
) r2
λ4µ,ν,a,n − r2
)
− sin
(πǫ
2
)
= 0
in (0, λµ,ν,a,1), (0, λµ,ν,a,1) and (0, λ
2
µ,ν,a,1) respectively.
Theorem 5.6 (Ramanujan type entire functions). Let β > 0, a ≥ 0 and 0 < q < 1.
Then S∗
(
(
1 + z
1− z )
ǫ
)
-radii for the functions fβ,q(a, z), gβ,q(a, z) and hβ,q(a, z) are the
unique positive roots of the following equations:
(i)
2
β
∑
n≥1
(
ψ2β,q,n(a)r
2
ψ4β,q,n(a)− r4
+ sin
(πǫ
2
) r4
ψ4β,q,n(a)− r4
)
− sin
(πǫ
2
)
= 0;
(ii) 2
∑
n≥1
(
ψ2β,q,n(a)r
2
ψ4β,q,n(a)− r4
+ sin
(πǫ
2
) r4
ψ4β,q,n(a)− r4
)
− sin
(πǫ
2
)
= 0;
(iii)
∑
n≥1
(
ψ2β,q,n(a)r
ψ4β,q,n(a)− r2
+ sin
(πǫ
2
) r2
ψ4β,q,n(a)− r2
)
− sin
(πǫ
2
)
= 0
in (0, ψβ,q,1), (0, ψβ,q,1) and (0, ψ
2
β,q,1) respectively.
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